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The difference electron density has recently been revisited via the method of
joint probability distribution functions [Burla et al. (2010). Acta Cryst. A66,347—
361]. New Fourier coefficients were devised which were the basis of a new ab
initio method for the solution of the phase problem (i.e. VLD, vive la difference).
In this paper we study the joint probability distribution functions P(F, F,,, Fy),
where Fj is the structure factor corresponding to the ideal hybrid Fourier
synthesis pp = 70 — wp, and T and w are any pair of real numbers. New Fourier
coefficients for the calculations of any hybrid synthesis are obtained, and the
properties of the corresponding electron-density maps are discussed. The first
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1. Notation

We will use the same notation employed by Burla, Caliandro
et al. (2010) (from now on paper I), reported here to make this
paper self-consistent. The necessary supplementary notation is
added.

p, p,: electron densities of the target and of the model
structure.

Py = p — p,: ideal difference electron density; summed to p,, it
exactly provides p, no matter the quality of p,.

Po = TP — wp,: ideal hybrid electron density; summed to wp,
it exactly provides 7p, no matter the quality of p,.

N: number of atoms in the unit cell for the target structure.
p: number of atoms in the unit cell for the model structure;
usually p < N, but it may also be p > N.

fij=1,..., N: atomic scattering factors for the target struc-
ture (thermal factor included).

F = Z/’il fiexp(2rihr;) = |F| exp(igp): structure factor of the
target structure.

F, = Y"1, fiexp(2mihr)) = |F|exp(ip,), where rj=r;+ Ar;
structure factor of the model structure. Ar; is the misfit
between the model and target atomic positions.

F,=F —F,=|F,|exp(ip,): structure factor of the ideal
difference structure.

Fo = tF — wF, = |Fy| exp(igy): structure factor of the ideal
hybrid electron density.

E = A+iB = Rexp(ip), E, = A, +iB, = Rexp(ip,), E, =
A, +iB, = R explip,), E; = Ag+iBy, = Ryexplipy):
normalized structure factors of F, F, F, and Fp,
respectively.

N
Ly = Zj:lf’z’ X, = ,['):1fj2-

applications show the correctness of our theoretical approach and suggest
possible applications in phasing procedures.

R;,, R;, /Q: structure factors pseudonormalized with respect
to the target structure (i.e. R, = |Fp|/Z,l\{2, R, = |Fq|/2,1v/2,
Ry = |Fol/ZX).

D = (cos(2hAr)): the average is performed per resolution
shell.

o, =D(Z,/Zy)"

0% = (|ul*)/Zy, where (|u|*) is the measurement error.
e=1+0%

I;(x): modified Bessel function of order i.

m = {cos(p—@,)) = LX)/[(X) = Dy(X), where X =
20,RR,/(e — 0%). m is calculated from the (von Mises type)
conditional probability P(¢|R, R,,, ¢,).

EDM: electron-density modification.

DEDM: difference electron-density modification.

RESID: the sum is over the h reflections.

CORR: correlation factor between the electron-density map
calculated by using observed moduli and phases ¢,, and the
map computed via observed moduli and phases ¢ calculated
from deposited coordinates.

2. Introduction

Calculating an observed Fourier synthesis (say p,) is routine
work today: observed moduli are combined with model phases
via a weight m taking into account phase uncertainty,

m = D,[20,RR, /(1 — 3})]. (1

As mentioned in §1, the value of m arises from the joint
probability distribution P(R, R,, ¢, ¢,) obtained by Srinivasan
& Ramachandran (1965): the weight is able to take into
account errors in the model coordinates and generalizes a
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previous weighting scheme suggested by Sim (1959), based on
structure models without error. More recently a paper by
Caliandro et al. (2005) generalized further on such weight, to
also take into account measurement errors,

m = D,[20,RR, /(¢ — 0})]. )

Today the residual electron density (see, among others,
Cochran, 1951; Henderson & Moffat, 1971; Nixon & North,
1976; Ursby & Bourgeois, 1997) is usually calculated according
to Read (1986): he proposed to reduce the model bias
component by using the coefficient

(m|F| — DIF,)exp(i,)- ®)

In paper I new coefficients for a difference Fourier synthesis
were obtained via the study of the joint probability distribu-
tion

P(R,R,, R, 0, 0,, 9,)- “4)

Equation (4) was derived by taking into account errors in both
the model and measurements, and suggested the following
coefficient,

e— 0%

|:(mR —o,4R,)—R,(1—D) (1 — )} exp(ip,),  (5)

containing the classical Read difference term (mR —
o,R,)exp(ip,) and the flipping term —R,(1—D)
x(e — 04/1 — 03) exp(ip,). The applications clearly showed
that the difference electron density calculated via the coeffi-
cients in equation (5) is well correlated with the ideal p, map
even if the model structure is random, and coincides with the
synthesis calculated via the coefficients in equation (3) when
the model is well correlated with the target structure. The
mean features of the corresponding electron-density map are
not traditional: the map shows very strong negative peaks
where model atoms do not overlap with target atoms, medium-
intensity negative peaks where model and target atoms
overlap, and medium-intensity positive peaks where target
atoms do not overlap with model atoms.

The unusual properties of the new difference electron
density were employed by Burla, Giacovazzo & Polidori
(2010) to design the VLD (vive la difference) algorithm, aimed
at passing from an initial random model to the target structure.
The method was able to solve small and medium-sized struc-
tures, and proteins (Burla et al., 2011).

Numerous papers may be found in the literature dedicated
to hybrid Fourier syntheses p, = 70 — wp, (among others,
Ramachandran & Srinivasan, 1970; Dodson & Vijayan, 1971;
Main, 1979; Vijayan, 1980), where t and w are any pair of real
numbers. According to Read (1986) they may be estimated via
the coefficients

(tm|F| — wDIF,|)exp(ig,). (6)

From equation (6) coefficients for the observed synthesis are
obtained by fixing t = 1, w = 0, coefficients for the difference
synthesis by choosing 7 =1, w = 1.

On the basis of the above considerations it seems advisable
to apply the method of joint probability distribution functions,
used in paper I for the study of the difference Fourier synth-
esis, to derive the best coefficients to calculate hybrid Fourier
syntheses. The first aim of this paper is therefore the study of
the distribution P(E, E[,, EQ): we will also discuss the main
features of the new syntheses and suggest their potential
applications in phasing procedures.

3. The distribution P(E, E,, Eq)
Let

Po(r) = Tp(r) — wp,(r) (7

be the ideal hybrid synthesis: T and w are any pair of rational
numbers. By Fourier transform of equation (7) the following
relation is obtained:

Fop, = tF, — oF,, = |FQh|eXp(i(th)~

To obtain an estimate of the synthesis [equation (7)] we will
derive the joint probability distribution function P(E, E,, EQ)
under the following conditions:

(a) The coordinates of the vectors r;, j =1, ..., N are the
primitive random variables, assumed to be uniformly distrib-
uted in the unit cell.

(b) The variables Ar;, j =1, ...
randomly distributed around zero.

(c) Two supplementary primitive random variables, © and
¥, are introduced, arising from the experimental uncertainty
of the observed structure-factor moduli. Accordingly

F =Y fexp(2rihr;) + | i|exp(iv):

, p, are local variables

|;|exp(i’) may be considered to be the complex error over the
structure factor.

(d) All the primitive random variables are assumed to be
statistically independent of each other.

Such a statistical model leads to the following mathematical
definitions,

A= {%fj cos(2rthr;) + | 14| cos 15‘}/(82}\,)1/2

=

B= {if] sin(2rhr;) + || sin 0}/(52N)”2
j=1

A, = ﬁ:f] cos[27h(r; + Arj)]/(silp)l/2
j=1

B, = if/ sin[27h(r; + Ar/.)]/(a;Ep)l/2

=

Ay = {1’ if/ cos(2rchr;) — w ﬁ:f] cos[2rh(r; + Arj)]}/(eilg)l/2
=1 =1

B, = {r %f/ sin(2rhr)) — @ if} sin[27h(r; + Arj)]}/(gzg)l/{
j=1 j=1
®)

where ¢ is the statistical Wilson coefficient, correcting for the
expected intensities in reciprocal-lattice zones.
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We obtained for ¥, the scattering power corresponding to
the Q structure, the following expression:

Ty =TIy + 'S, —20wtDE,. )

The value of ¥, depends on the quality of the model: it tends
to Xy(r — w)* when o0, =1 (in this case D approaches unity
and X, approaches X), and to "Xy +’E, when p,
progressively loses (up to D = 0) its isomorphism with p. In the
latter case ¥, may be much larger than Xy, and py(r) will
show tN positive peaks and wp negative peaks.

Let us now consider how the normalized structure factors of
the three derivative structures are correlated: their correlation
or anticorrelation is basic for the next calculations and defines
the algebraic expression of the joint probability distribution
P(E, E,, E,). We obtain

(EE,) = 0y; (10)
EEy = PO, B —eRl
pfol = 2al/z 72 )
5/ 2y =y
TSy —wDX, 12V — wo, T2
(EEy) = . L (12)

=V Ey By’

We note:

(a) Since 0 < 0, <1, (RR, cos(¢ — ¢,)) is not expected to
be negative: its value should increase (up to 1) when the model
becomes closer to the target structure.

(b) (R,Rycos(¢p, —@p)) attains its minimum value
[say —wX)?/(?*Zy + a)ZZp)l/z] in the case of a complete lack
of isomorphism: then E, and E, are strongly anticorrelated.
The anticorrelation attains a maximum when o >> 7: this
conclusion has to be kept in mind because a strong anti-
correlation between E, and E, allows ¢, to be estimated
given ¢,, even when ¢, is random. If 7> w and o, is suffi-
ciently large, positive values of (E E) are allowed: then p,
becomes closer to p, and consequently E, and E, are posi-
tively correlated.

(¢) if T>w then E and E, are positively correlated
particularly when D = 0: in this case RR,cos(p —¢,) >
EN(2 Sy + 0?3,

The characteristic function of the distribution P(E, E,, EQ)
is

Clu, u,,ug,v,v,,vy) = exp [ — (1/d)[e(® +v*) + (uf, + vf,)
+ (ué + vé) + 20A(uup + vvp)
+20,0(uug +vvy)

+ 204,01, +'VpVQ)]}’

(13)

where u, U,, Uy V,V,, Vg are carrying variables associated with
A, A, Ag, B, B,, By, respectively,

=y — wo, )2
72
z:Q
10, Iy’ — 0z}

12
2:Q

Oa0

Oapo

The distribution P(A,AP,AQ,B, Bp,BQ) is the Fourier
transform of equation (13). After some calculations, not
quoted for brevity, we obtain in polar coordinates

P(R, R, Ro, ¢, ¢, $0)
~ %' (det L) 'RR,R, exp{—[A;; R* + A,R;
+ ARG + 20, RR,, cos(¢ — @,) + 2413 RR cos(¢ — @)
+ 203 R, Ry cos(¢, — @o)]}. (14)

The distribution in equation (14) is a six-dimensional Gaussian
distribution, the coefficients of which are stated below:

(e—1)(1 — 03T’y

(detL) = ,
eEQ
Ay = Ay = L ,
"7 -1 " z2>:N1—2§,+r22Ne—1

e Zo [ 11 A__g&“l
BTy le—1 1= T t\zmy) e-1’

1/, 1
As=—-\%w ’
T\ Xy e—1

b= G20
23 — EN

w(e — a}) PIP) 12 04
Ple—DI-03)] \Zy) -0
The distribution given by equation (14) is the basic result of
this paper.

4. The conditional distribution P(pq IR, Ry, Rq, ¢p)

If we have a model, ¢, is known and only two conditional
distributions will be of interest: P(¢Q|R, R,, Ry, gop) and
P(¢|R, R,, Ry, ¢,, ¢o)- In both cases R, is assumed to be a
known parameter, but, as will be emphasized in the following
sections, only estimates of R, are available in practice. Indeed
prior knowledge of R,, R and ¢, does not geometrically
fix the value of R, Accordingly, the distributions
P(¢Q|R, R,, Ry, gop) and P(¢|R,R,, Ry, ¢,, ¢p) should be
considered as asymptotic, accurate in the case in which the
accuracy of the R, estimate is large. To provide the user with a
simple example, the general practice for the unweighted
difference Fourier synthesis was to assume R, = |R — R,|
and derive for ¢, the following estimate: ¢ =g, if
R—R,>0, p=¢,+7 if R—R,<0. Our distribution
P(¢Q|R, Rp, Ry, <pp) allows the estimation of the accuracy of
@o given as R, R,, Ry, ¢,, or, more realistically, given as
R, R,, ¢, and an estimate of Ry

In this section we will derive the conditional distribution
P(goQ|R, R,, Ry, <pp); the study of P(¢|R, R,, Ry, 9, (pQ) will
be discussed in §5. To simplify the calculations we will first use
the assumption ¢, >~ ¢ (this holds when both R and R, are
sufficiently large), to obtain
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P(‘PQ|R7 R,, Ry, ‘Pp) = [27[]0(GQ)]71 eXp{GQ COS(¢Q - %)}:

(15)
where
Gy = —2Ry(A3R + AyR).
In accordance with §3,
Gy = 22R, {(rR wR)) — (& — tD)( 12) R }, (16)
(e —1) —o;3

and, in terms of structure factors,

2 Ryl

G,=——2
7T 2(e—1) T,

{( IFl = 0lF,) — (@~ D)\~ 2)|F |}
a7)

If we replace the condition ¢, >~ ¢ by the better approxima-
tion (Read, 1986) |F|exp(ip) = m|F|exp(ip,), we obtain

/

(e — 1)

—R;,|:a)(1—D)+( — D)( 1):|} (18)

Gy = {(rmR wo,R,)

and, in terms of structure factors,
2 |Fol

Q:mﬁ {( m|F|—a)D|F )

—|F |[a)(1 —D)+(a)—tD)( 01)“

(19)

We observe:

(a) G, is the sum of two terms: the first includes the classical
difference term (tm|F| — wD|F,|), the second in some condi-
tions flips the contribution of the model electron density. It
really flips if w is sufficiently large (e.g. if w> 1) and D is
sufficiently small (model badly correlated with the target).

(b) The reliability parameter G, increases with Ry, and
is inversely proportional to 2. Values 7 > w do not allow
reasonable ¢, estimates when the model is poorly correlated
with the target: indeed, for such values of 7, p, tends to
coincide with p,, which by hypothesis is a poor representa-
tion of the target. Values 7 >> w permit good ¢, estimates if
the model is well correlated with the target: in this case p,
again tends to coincide with p,; and ¢, is expected to be close
to ¢.

(c) The reliability of the ¢, estimates increases when
7 > w. If the model is poorly correlated with the target, the
Read term vanishes and the flipping term becomes quite large.
As a consequence |G| becomes very large, so satisfying the
condition for good ¢, estimates. Their quality is also expected
to be high when the model is strongly correlated with the
target. This result suggests particular attention towards such
mixed Fourier syntheses.

The above conclusion agrees well with the result recently
obtained by Giacovazzo & Mazzone (2011), according to
which the variance in a generic point r of p,(r) = 70 — wp, is
proportional to 7°: i.e.

% var p(r),

var py(r) =

where var p(r) is the variance at the point r of the electron
density p(r). Evidently, the variance ofp,(r), and therefore the
expected error for the ¢, estimate, is expected to be smaller
when 7 < w than when 7> w.

5. The conditional distribution P(¢ IR, R,, Rq, ¢p, 9q)

From equation (14) the conditional distribution

P(¢|R, R,. Ry, ¢, 9) = [271,(£,)] " expl&, cos(p — )]

(20)
is obtained, where v is the most probable value of ¢, given by

R sin ¢, + R}, sin
tan ¢ = P % 0 %o

y ; , (21)
R}, cos @, + Ry cos ¢,

and

£y = 2R[t(e — l)]fl[a)2R!’,2 + R} + 20wR, Rycos(p, — (pQ)]l/2
(22)

is its reliability factor.

Equations (21) and (22) provide the best estimate of ¢ given
R, Rp, Ry, ®ps Po via the sum of two contributions, the first
arising from p, and the second from p,. Again the reliability
factor is large when the ratio o/t is large, thus confirming that
the most interesting Fourier syntheses are those for which
w>T.

In equation (21) the pseudonormalized structure factor Ry,
may be expressed in terms of the normalized structure factor
R, and of the ratio (frequently known a priori) ¥,/%y using
equation (9),

Ry = Ro(Zo/Zy) .

where

(Zo/Zy )1/2 [T + o’ 2——2&)‘L’D %) ]1/2

¢ Xy 2y

Equation (21) suggests that the most probable value of ¢ may
be derived without any weighting scheme, owing to the fact
that tp is just the sum of wp, and p,. However, in practice,
values of E, remain unknown and only their estimates
become available: this suggests that a more general tangent
expression is

w,wR}, sing, + wyR;, sin g,

t = 23
any w,wR;, cos ¢, +wy R}, cos ¢, @3)
and
&p =2R(e — 1)_1[wf,a)2R‘,',2 + wzQRg
+ 20w, wo R, Rj,cos(p, — gpQ)]l/z. (24)
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6. Coefficients for (zF, — wF.) Fourier syntheses

The ideal py, map is essentially a sum of Fourier syntheses and
may be decomposed in a pair of components in different ways.
For example, the first component may be tF, and the second
component may be wF,, but the decomposition may also be
made according to the following rule:

po =T —wptwlp—p,) if >0,
po =(t—w)p,+t(p—p,) if T<o.
In this case, in accordance with Read (2001), o, may be

calculated:
(i) if T > w, via coefficients

[(r — @)m|F| + o(m|F| — D|F,|)]exp(ig,);

(ii) if T < w, via coefficients

[(t — w)DIF,| + ©(m|F| — DIF,|)] exp(ig,).

In both cases the coefficients reduce to (tm|F| —
wD|F,|)exp(ip,), or equivalently, in the case of E maps,
(tmR — wo 4R, )exp(ig,).

The theoretical results obtained in §4 suggest the following
Fourier coefficients:

{(rmR —wo,R,) — R, |:a)(l — D)+ (w—1tD) Ee:alz)] } exp(ip,),
(25)
or, in terms of structure factors,
{(rmlFl — wD|F,|) — |F,| [a)(l — D)+ (w—1D) ge_— 12)] } exp(ip,).
04
(26)

If w = t = 1, equations (25) and (26) reduce to the difference
Fourier coefficients derived in paper L.

Simplified  expressions may be  obtained by
neglecting the contribution of (w — tD)[(e — 1)/(1 — 03)] =
(w — tD)[0%/(1 — 07)] (this is particularly straightforward
when the model is far away from the target structure). Then
the Fourier coefficients (see Main, 1979)

(tmR — wR),)exp(ip,) (27)
or
(tm|F| — w|F,)exp(ig,) (28)

arise. The coefficients (27) and (28), when used as coefficients
of a Fourier synthesis, give rise to an electron-density map
which is the difference between a weighted observed Fourier
synthesis, scaled by the factor 7, and a calculated synthesis
scaled by w. This schematization however does not help to
understand the main features of the map. Its properties can be
better understood if the coefficients (27) or (28) are rewritten
as

[t(mR — 0, R,) — (0 — TD)R,Jexp(ip,) (29)

or

[2(m|F| — D|F,|) — (& — =D)|F, |lexp(ig, ). (30)

We note:

(a) The first term in equation (29) coincides with the clas-
sical difference term. Roughly speaking, it is expected to
generate electron-density maps with positive peaks where
atoms of the target do not overlap with atoms of the model
structure, and negative peaks where atoms of the model do not
overlap with atoms of the target structure. The peak intensities
are magnified by the factor 7. It is well known that maps
calculated using the difference term as a coefficient do not
provide useful information when the model is poor.

(b) The second term of equation (29) flips the model elec-
tron density if w > tD: the flipping is stronger when the model
is poor. If T = w we are in the case described in paper I: if the
model is very poor, the flipping term is dominant with respect
to the difference term and the corresponding difference
Fourier synthesis is well correlated with the ideal p, map. If
7> w the corresponding map is constituted by a dominant
observed Fourier synthesis plus a difference Fourier synthesis:
very high 7/w ratios makes the latter negligible no matter
whether the model is poor or not. The flipping term becomes
more and more dominant with increasing values of the w/t
ratio (this feature is particularly dominant when the model is
poor): in this situation the negative model peak intensities are
emphasized with respect to the peak intensities of the map
calculated via Read coefficients. If @ >> t the Fourier coeffi-
cients reduce to those of the flipped model electron density:
this extreme case is not very useful for phasing because it only
depends on the model.

(c) Hybrid Fourier syntheses, as well as observed Fourier
syntheses, are often involved in cyclic EDM procedures
(Cowtan, 1994, 1999; Abrahams, 1997; Abrahams & Leslie,
1996; Giacovazzo & Siliqi, 1997) where electron-density maps
are first modified according to suitable criteria, and then
Fourier inverted to generate new structure-factor estimates. It
is expected that EDM techniques lead to models more
correlated with the target structure. To better describe the role
of the hybrid Fourier syntheses calculated with coefficients
(27) or (28) in EDM procedures we adopt the following
notation: ¢, and @, are the phases used in the calculation of
the observed and of the hybrid Fourier synthesis, respectively,
@iny and @, are the corresponding phase values obtained by
Fourier inversion of the modified maps. We observe:

(d) In the observed Fourier syntheses ¢, = ¢, always, and
m|F| or m|E| is the coefficient modulus. In a hybrid Fourier
synthesis there is always a subset of reflections for which
Poest = ¢, + 7 (see Table 1). Therefore, hybrid and observed
Fourier syntheses should never be confused (see below).

(e) With increasing values of the t/w ratio, hybrid Fourier
syntheses become more and more similar to the observed
synthesis (indeed the percentage of reflections for which
$oest = ¢, + 7 diminishes with the ratio 7/w, see Table 1). If
the model is badly correlated with the target such hybrid maps
will also be badly correlated with the corresponding ideal
hybrid maps.

Acta Cryst. (2011). A67, 447—-455
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Table 1

@. values for each type of hybrid Fourier syntheses.
Type Pest
m|Flexp(ip,) ¢ = g, always

m|F| — D|F,|exp(ip,) ¢ =@, +if |F| <D|F,|/m,
otherwise ¢ = @,

¢ =g, +nif [F| <|F,|/m,
otherwise ¢y = @,

¢ =g, +if [F| <DIF,|/2m),
otherwise ¢ = @,

0=g, +mif |F| < |F |/@m),
otherwise ¢, =

=g, +mif |F| < (a)/rm)D\F R
otherwise ¢, =

¢ =g, +mif |F| <(w/r)D|F l
otherwise ¢y = @,

m|F| — |F,lexp(ip,)
2m|F| — D|F,lexp(ig,)
2m|F| — |F,lexp(ip,)

tm|F| — wD|F,|exp(ip,)

m|F| — w|F, |exp(ip,)

() For hybrid syntheses calculated via tm|F|— l|F,|
coefficients, the percentage of reflections for which ¢, =
@, + 7 is larger than for a tm|F| — wD|F,| synthesis (see
Table 1). In other words, Tm|F| — w|F,| syntheses emphasize
the weight of the difference Fourier synthesis. That is the
reason why the convergence from a random model to the
target needs the combination of the tm|F| — w|F,| synthesis
with the tangent step described in §5.

(g) For a hybrid Fourier synthesis with T < w, the number of
reflections for which ¢ = ¢, + 7 is larger than for a hybrid
Fourier synthesis with > w (indeed larger is the number of
reflections for which |F| < (w/tm)DIF,| or |F| <(w/T)D|F,
see Table 1). As a consequence, a hybrid density map calcu-
lated with 7 < w will differ from an observed synthesis more
than a map with 7> w.

(h) To allow the reader to appreciate some numerical
examples of subsets of reflections for which ¢, = ¢, + 7,
Table 2 shows the results for the protein 1e8a (experimental
data resolution 1.95 A, 17 174 measured unique reflections) in
two different situations: in the first a poor model is available
(mean phase error = 70°), in the second a good model has
already been obtained (mean phase error = 49°). The reader
will easily verify that:

(i) a hybrid synthesis should never be confused with an
observed synthesis: indeed in the hybrid there is always a non-
negligible percentage of reflections to which ¢, = ¢, + 7 is
assigned,;

(i) for the tm|F|— w|F,| synthesis the percentage of
reflections for which ¢, = @, + 7 is always larger than for
the tm|F| — wD|F,| synthesis;

(iii) the percentages tend to diminish when the model
improves, particularly for tm|F| — w|F,| syntheses;

(iv) the percentages for w > 7 are larger than for w < 7.

Both tm|F| — wD|F,| and tm|F| — w|F,| Fourier syntheses
may converge to the ideal (t — w)m|F| synthesis if a virtuous
EDM technique is applied (then F), tends to F and both m and
D tend to unity). Particularly useful cases are 2m|F| — D|F),|
and 2m|F| — |F,| maps. The first was originally devised to
reduce the model bias. Perfect convergence is not always
guaranteed: it depends on the initial error (large initial errors
usually do not allow convergence), on data resolution efc.
Some classes of reflections are more resistant to convergence,

Table 2

Protein 1e8a, two available models of different accuracy.

See text for details. For each model we show, for the lowest-order hybrid
Fourier syntheses, the percentage of reflections (percl and perc2) for which
Poest = ¥p +

Synthesis type percl (%) perc2 (%)

m|Flexp(ip,) 0 0
(m|F| — D|F,exp(ip,) 62 53
(m|F| — |F,exp(ip,) 95 65
(2m|F| — DI|F, |)exp(ig,) 37 22
(2m|F| — |F,|)exp(igp,) 71 29
(m|F| — 2D|Fp\)exp(i(pp) 86 91
(m|F| — 2|F,,|)exp(ig0p) 99 95

owing to the intrinsic nature of the Fourier synthesis. For
example, during an EDM procedure using tm|F| — wD|F,|
syntheses, the reflections for which |F| < (w/tm)D|F,| tend to
show (after the map Fourier inversion) the value g, =
®gest = ¥, + 7, so disturbing the convergence process. This is
mainly due to the intrinsic difference between p, and p, and
therefore between ¢, and ¢. If the VLD technique is used (i.e.
the phase indications provided by the modified hybrid Fourier
map are combined with the tangent formula as described in
§5), this tendency may be diminished.

From the above considerations the following conclusions
arise: if one is interested in phasing a target structure starting
from a random or very poor model, the most interesting
Fourier syntheses are those with w > 7: these syntheses
explore the phase space faster because they allow rapid
changes of the model, and imply accurate estimates of the ¢,
phases. The passage from ¢, to ¢ requires an additional step,
i.e. the use of the tangent procedure described in §5. If one has
to refine a model correlated with the target structure (e.g.
obtained by molecular replacement or by anomalous-
dispersion techniques) hybrid Fourier syntheses with w <t
are also advisable.

7. Applications

The following preliminary tests aimed to check the validity of
the probabilistic theory described above: in particular, we
checked whether the quality of the hybrid maps complies with
theoretical expectations. We used the same 18 proteins
employed as test cases in paper I (see Table 3). The models
were found via molecular replacement using the program
REMO0Y (Caliandro et al., 2009): accordingly, ¢, are the
phase values available at the end of the molecular-
replacement process (without any attempt at phase refine-
ment, to have a wide range of CORR). The test structures
were arranged in decreasing order of CORR, so that the high
quality models are at the top of Table 3. The columns Target
and Model indicate the PDB code of the target and model
structure, and RES is the data resolution. The corresponding
(Ag) values (say the average phase error between model and
target structure) are also quoted, as reference values for the
phase errors reported in Table 4. The reader should note that
the CORR values in Table 3 of this paper do not coincide with
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Table 3
Details of the test structures.

For each test structure: Target and Model are the PDB codes of the target and
of the model, respectively, Res is the target data resolution limit (in A); NresT
and NresM are the number of residues for the target and model, respectively;
CORR s the correlation factor between the electron-density map calculated
using observed normalized moduli and phases ¢, and the map calculated via
observed normalized moduli and phases ¢ calculated from deposited
coordinates; {|A¢|) is the corresponding average phase error. PDB codes
followed by primes indicate the same target structure but different model
structures.

Target Res  NresT  Model NresM  ([Agl)  CORR
1kf3 1.0 124 Trsa 124 26 0.93
6rhn 22 115 4rhn 115 29 0.91
2sar 1.8 192 lucl, chain A 96 41 0.83
1zs0 1.6 163 1i76 163 43 0.79
labm 1.0 151 1mbc 153 43 0.77
1na7 2.4 329 1m2r 327 45 0.76
2p0g 23 318 20ka 336 50 0.75
1lys 1.7 258 2ihl 129 57 0.63
1kqw 1.8 134 lopa 133 59 0.60
6ebx’ 1.7 124 3ebx, 2 copies 124 59 0.59
6ebx 1.7 124 3ebx 62 59 0.59
Ipti’ 1.2 58 1ri 98 87 0.01
2pby 2.1 1155 Tmki 598 89 0.01
2iff 2.6 556 lhem 129 88 0.00
9pti 1.2 58 3ebx 62 88 0.00
lyxa 2.1 740 1qlp 372 89 0.00
1s31 2.7 273 1c8z 265 89 —0.01
lcgn 22 127 2ccy 127 90 —0.01

those reported in Table 1 of paper I: the values reported here
were obtained using the latest release of REMO09. To
increase the CORR range and to study the accuracy of our
theory for very poor models, the last seven test cases delib-
erately correspond to false molecular-replacement solutions.
Of particular interest is the test case 2iff, for which we used a
partial model (129 residues against 556 of the model). In all
our calculations maps were calculated via normalized moduli.
To compare the various Fourier syntheses with ideal ones
[i.e. those calculated via coefficients E,,, = 1E — 0k, =
|E g0 €xp(i®g,,)] We used the following notation in Table 3:

(tmR — a)oARp) (31)

is the best Fourier coefficient according to Read (1986). It will
be denoted by (E,,)s;, from now on;

(¥0r)31 = @, or @, + m according to whether (Ey,,); is
positive or negative;

(Pgrw)s1 Will denote the corresponding hybrid map.

(e—1)

2
1—-04

(rmR — wo,R,) — R, |:a)(1 — D)+ (w — D) i| (32)
is the best Fourier coefficient according to this paper. It will be
denoted by (Eg,,);, from now on;

(#01)2 = ¢, or @, +m according to whether (Ey,,)5, is
positive or negative;

(Pgrw)32 Will denote the corresponding hybrid map.

{APor)si = ((Por)st — Porl)- It is the average phase
error of the hybrid Fourier synthesis, calculated via coeffi-
cients (31), with respect to the ideal hybrid Fourier synthesis.
(CORRy,,); is the correlation between the corresponding
hybrid electron-density maps.

<A(meJ>32 = <|(¢Qm})32 - (pQer' It is the average phase
error of the hybrid Fourier synthesis, according to coefficients

(32), with respect to the ideal hybrid Fourier synthesis.
(CORRy,,)s, is the correlation between the corresponding
hybrid electron-density maps.

To check how well (py,,)s; and (pg.,);, approximate the
ideal pg,, map we will only check the pairs (7,w) =
(1,1),(2,1), (1, 2): the trend for different (z, ) pairs may be
easily derived from our results. In Table 4 for each test
structure the values of (CORR,,,, )31, (A@p., )31, (CORR )30
and (A@y,,)s, are shown for (7, ) = (1, 1), (2, 1), (1,2). We
observe:

(i) As a general trend, (CORRy,); decreases and
(A@p11)3 increases with decreasing values of CORR. The
results confirm those obtained in paper I and the common
belief that the classic difference Fourier synthesis provides
useful information only when the model structure is suffi-
ciently accurate.

(i) In accordance with theoretical expectations, (A@gy; )3, is
nearly equivalent to (A ); when good models are avail-
able, and is by far superior in bad or random models, for which
it attains the minimum values. (CORR,,);, is always larger
than (CORR,,);; even for good models: that suggests a
better correlation between moduli of the ideal difference
synthesis and moduli of the coefficients (32).

(iii) To understand the behavior of the p,, estimates, we
notice that

Poa1 = Poio T Poi1 = P+ Pon
and that any estimate of pg,; will be the sum of estimates: e.g.

(PQ21)31 = Pobs + (PQ11)31 and (PQ21)32 = Pobs T+ (PQ11)32~

If CORR is sufficiently large, p,,, is expected to be very close
to p and pyy; is expected to be negligible with respect to Ops:
as a consequence (0gy);; and (0gy);, Will be good approx-
imations of pg, (see the corresponding columns in Table 4).
Evidently the good qualities of (0g,;)3; and (pg,; )3, rely on the
good quality of p: that is the reason why hybrid syntheses
with 7 =2 and w = 1 are successfully used to reduce the model
bias in protein crystallography.

Let us now consider the extreme cases in which CORR is
very small (last lines in Table 4). Then p is badly estimated by
Pobs and 0y is no longer negligible with respect to o, Since
Pon is badly estimated via coefficients (31), (0g,;)s; Will be a
poor approximation of pgy. The reader will notice that
negative values of CORR are obtained when the model is
poor and coefficients (31) are used. That is probably due to the
fact that the model has been deliberately translated in the
solvent region of the target.

Different behavior is expected for (py,;);, when CORR is
small: indeed, even if p,, is a poor approximation of p,
(Po11)3 1s a relatively good estimate of pg,,: accordingly,
(Pga1)s, 1s a relatively good approximation of pg,;, no matter
whether the model structure is poor or accurate.

(iv) In accordance with (iii)

Porz = Pp + Poni
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Table 4
Average phase errors and correlation values for the test structures.

(A<ﬂgrw)31 = (‘(erm)Sl _‘/’Qm|) and <A¢Qm>3z = <|((th(u)32 _§0Qm|> are the average phase errors of
the hybrid Fourier synthesis, calculated via the coefficients (31) and (32) respectively, with respect to the
ideal hybrid Fourier synthesis. (CORR,,,);; and (CORRy,,);, are the correlation values between the
corresponding maps. The calculations are limited to (7, w) = (1, 1), (2, 1), (1, 2).

smaller than) that of the target.
According to this result, in the VLD
algorithm complete random models
are always assumed to be starting
points for the phasing process.

<A§0Q11)31 @l <A¢7Q11>32 ) <A¢7Q21>31 ) (A§0Q21>32 ©)

<A‘PQ12>31 @

(vi) The properties of the hybrid

A ) . :
(20gu)s () Fourier syntheses with 7 =3, w=1 or

Target (CORRgl st (CORRQI Da (CORRQ21 )1 (CORRQZI )z (CORRQu)sl (CORRQ12)32

T =1, w = 3 can be easily estimated
k3 49/0.68 46/0.71 40/0.81 39/0.82 22/0.96 21/0.96 g
6rhn  52/0.60 57/0.62 46/0.76 55/0.74 25/0.94 25/0.95 from (i)~(iv). It may be stated that
2sar  54/0.56 51/0.64 54/0.64 53/0.65 29/0.91 27/0.92 syntheses for which 7 >> « would be
120 56/0.51 54/0.60 56/0.60 58/0.61 30/0.89 29/0.91 less able to reduce the model bias
labm  48/0.73 46/0.80 52/0.70 51/0.72 40/0.91 38/0.94 :
lna7 58047 55/0.60 611.54 64/0.56 32/0.86 29/0.91 durmg, EDM procedures and S?’mh'
2p0g  61/0.48 51/0.58 63/0.52 56/0.51 37/0.88 32/0.91 eses with @ >> 7 would be too biased
1lys 63/0.45 64/0.49 67/0.49 68/0.50 42/0.78 42/0.79 toward the model to be useful.
lkqw 58038 54/0.62 65/0.37 66/0.43 34/0.82 30/0.90
6ebx’  59/0.38 55/0.61 64/0.36 65/0.42 35/0.83 32/0.89
6ebx  60/0.42 62/0.48 64/0.45 66/0.46 4100.77 41/0.79
opti  59/0.02 2410.92 88/—0.29 4200.77 26/0.61 12/0.98
2pby  65/0.03 46/0.71 82/—0.17 65/0.43 38/0.58 28/0.90 .
2ff 81/=0.01 7210.39 89/—0.11 83/0.10 56/0.49 5210.69 8. Conclusions
opti 60/0.02 28/0.89 88/—0.27 49/0.70 28/0.63 15/0.97 We have described a probabilistic
lyxa  65/0.02 46/0.71 81/—0.16 63/0.43 4200.53 28/0.90 o
131 66/0.02 48/0.69 831025 70/0.28 38/0.74 27/0.90 method for the study of the joint
lecgn  66/0.02 50/0.69 81/-0.18 68/0.42 39/0.56 30/0.89 probability distribution P(E, E,, EQ),

and, for their estimates,

(PQ12)31 =p, + (:OQ11)31 and (:OQ12)32 =p,+ (PQ11)32'

Since p, is fixed by prior information, the only uncertain
source for the phases arises from the quality of the pgy; esti-
mate.

If CORR is high, pg,; is negligible with respect to p,: in
these cases pg,; is well estimated using both coefficients (31)
and (32), and, as a result, both (pg,);; and (pgy,)3, are good
approximations of 0.

If CORR is small (py,,)5; is @ poor estimate of py,;, but its
combination with p, makes (p0g,);; a sufficiently good esti-
mate of pyi,. Obviously the best py,, estimates are obtained
by using coefficients (32) (see the last column in Table 4).

(v) For 2iff the efficiency of coefficients (32) is smaller than
in other cases. The reason was already theoretically foreseen
in paper I for the difference electron density when ¥, >> ¥y:
its correctness was checked by Burla, Caliandro et al. (2010),
Burla, Giacovazzo & Polidori (2010) and Burla ef al. (2011) in
the first applications of the VLD algorithm. To better under-
stand the results for other types of hybrid syntheses, we
rewrite coefficient (32) as

(tmR — wo,R,) — RP{ o[(Z,/Z0)" = 04]

(6—1)}.

+ [(Z,/20)"? = 10,4] o
-0
When %,/%y > 1, 0, is small (by definition) and the flipping
term is vanishing unless @ > t. In this last case the flipping
term is strengthened and maps calculated via coefficients (32)
provide a good approximation of the ideal hybrid synthesis. In
simpler words, coefficients (32) work better when the random
model shows a scattering power equivalent to (rather than

where the three normalized structure

factors are the Fourier transform of
the target, of a model and of a hybrid electron density,
respectively.

The theory allows the best coefficients for any type of
hybrid Fourier synthesis and the estimates of their reliability
to be derived. The new coefficients are sums of the Read
coefficient and of a flipping component, which is dominant
when the model is poor. Emphasis is given to hybrid syntheses
of the type tp — wp, with w > t: the coefficients suggested in
this paper are expected to allow their accurate calculation
even when model and target structures are uncorrelated. The
applications to practical cases show full agreement between
theoretical expectations and experimental results.
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